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Outline

• Brief introduction to the mixed complementarity 
problem (MCP) and the bounded MCP

• Problem statement: discretely-constrained MCP 
(DC-MCP)

• Theoretical results for DC-MCP 
• Some Numerical examples:
• Duopoly in energy production
• Equity (logic) constraints in network equilibrium 

problems
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The Big Picture

LP

Non-Convex Opt.Convex Opt.

QP

ILP

convex non-
convex

LP=linear 
program

ILP=integer 
linear 
program

QP=quadratic 
program
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NLP

QP

convex

The Bigger Picture

LP

Complementarity 
Problems

Other non-
optimization based 
problems

e.g., spatial price 
equilibria, traffic 
equilibria, Nash-
Cournot games

KKT conditions
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DC-MCP Perspective

LP

Non-Convex Opt.Convex Opt.

QP

ILP

convex non-
convex

LP=linear program
ILP=integer linear 

program
QP=quadratic 

program

Complementarity 
Problems
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Mixed( )  Nonlinear Complementarity Problem MNCP (also written as NCP or MCP)

Having a function F : Rn → Rn ,find an x ∈ Rn1 ,  y ∈ Rn2  such that
Fi x, y( ) ≥ 0,xi ≥ 0,Fi x, y( )* xi = 0 for  i =1,…,n1  

Fi x, y( ) = 0, yi  free,  for  i = n1 +1,…,n 

Example [since all functions (linear) affine --> linear complementarity problem (LCP)]

F (x1,x2 , y1) =

F1(x1,x2 , y1)

F2 (x1,x2 , y1)

F3(x1,x2 , y1)
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 so we want to find x1,x2 , y1  s.t.

x1 + x2 ≥ 0 x1 ≥ 0 x1 + x2( )* x1 = 0

x1 − y1 ≥ 0 x2 ≥ 0 x1 − y1( )* x2 = 0

x1 + x2 + y1 − 2 = 0 y1  free

One solution: (x1,x2 , y1) = (0,2,0),  why?  Any others?

Equilibrium Problems Expressed as Mixed 
Nonlinear Complementarity Problems 
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Energy Producer Nash Game Duopoly Expressed 
as a Complementarity Problem

-Two producers competing with each other
 on how much to produce given as qi ,i =1,2

- Market Inverse demand function 
p(q1 +q2 ) =α −β(q1 +q2 ),  where α,β>0

that the producers can manipulate by their production
- Production cost function

ci qi( ) = γ iqi ,i =1,2,  where γ i >0
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Energy Producer Duopoly Expressed as 
a Complementarity Problem 

Producer 1's optimization problem:

max α −β(q1 + q2 )( )*q1 −γ1q1

s.t. q1 ≥ 0

KKT conditions:

Find q1  s.t. 2βq1 +βq2 -α +γ1 ≥ 0 q1 ≥ 0 2βq1 +βq2 -α +γ1( ) q1 = 0

For Producer 2, similar idea, that is:

Find q2  s.t. βq1 + 2βq2 -α +γ2 ≥ 0 q2 ≥ 0 βq1 + 2βq2 -α +γ2( ) q2 = 0

Need to solve both at same time (why?) to get the resulting pure LCP

F
q1

q2
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Can generalize to N  players, will get a Nash-Cournot equilibrium
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Re-expressing the bounded MCP as the zero of 
a particular median-related function H 
(Gabriel, 2017)

Can separate “x” into nonnegative variables x and 
free variables y to get the conventional MCP
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Re-expressing the bounded MCP as the zero of 
a particular median-related function H 
(Gabriel, 2017)
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With additional discrete (integer) restrictions on some 
of the x or y variables
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Re-expressing the bounded MCP as the zero of 
a particular median-related function H 
(Gabriel, 2016)
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Definition 1
A vector pair (x,y) that solves the MCP conditions 
with the discrete restrictions is a DC-MCP (discretely 
constrained MCP) solution.
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Re-expressing the bounded MCP as the zero of 
a particular median-related function H
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Median-related function H
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Function H is Nonsmooth
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Re-expressing the bounded MCP as the zero of 
a particular median-related function H
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Main MINLP to solve DC-MCP
Definition 2
A vector pair (x,y) that solves the MINLP below is a relaxed 
DC-MCP solution.
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Main MINLP to solve DC-MCP Using L1 Norm

Enforcement of 
various cases of 
the mid function, 
nonnegative 
variables x

Enforcement of 
various cases of 
the mid function, 
free variables y
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Main MINLP to solve DC-MCP Using L1 Norm
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Main MINLP to solve DC-MCP Using L1 Norm
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Numerical Results
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Numerical Example #1: Energy Production, 
Capacitated Duopoly with Selected Complementarity 
Relaxation Weighting
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Energy Production, Capacitated Duopoly with 
Selected Complementarity Relaxation Weighting
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Energy Production, Capacitated Duopoly with 
Selected Complementarity Relaxation Weighting
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Numerical Example #2: Spatial Price Equilibrium (SPE) 
with Equity-Enforcing Constraints

SPE as a Variation on a Transportation Problem (Harker)
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• Want to ship 
to meet 
demand at 
minimal cost
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Solution:
• flow on arcs
• dual prices at 

nodes
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Spatial Price Equilibrium
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Optimality conditions include 
conditions of the form
c , 1,2, 1,2,3

0 c

economic interpretation?

i j

ij i j

i j
x

y q

y q

+ ³ = =

> Þ + =

Spatial Price Equilibrium
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demand andsupply dependent -price
using before stated conditions optimality  thegeneralizeCan  2.

why?
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Spatial Price Equilibrium
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Complete Optimality Conditions

c , 0, 1,2, 1,2,3

0 c

 with , 1, 2, , 1, 2,3 

Why the above generalized slightly may not be solvable by a 
suitable optim
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• Claim: This is an instance of a mixed NCP, why?

Spatial Price Equilibrium
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Spatial Price Equilibrium is an example of a mixed NCP 

c , 0, 1,2, 1,2,3
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Spatial Price Equilibrium with Equity-Enforcing
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Spatial Price Equilibrium with Equity-Enforcing 
Constraints
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Spatial Price Equilibrium with Equity-Enforcing 
Constraints
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Spatial Price Equilibrium with Equity-Enforcing 
Constraints
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Main MINLP to solve DC-MCP Using L1 Norm
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Main MINLP to solve DC-MCP Using L1 Norm
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Consider a generic nonlinear program and its resulting KKT conditions
min  ( )
. . ( ) 0, 1, ,   
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KKT conditions, find . .
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Nonlinear Programs Expressed as 
Mixed Nonlinear Complementarity Problems 
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( )

1 1

1 1

Thus, we get a mixed NCP as follows:

( ) ( ) ( )

( ), 1, ,
( ), 1, ,

( ) ( ) ( ) 0  free

( ) 0, 1, , 0, ( ) * 0

pm

i i j j
i j

i

j

pm

i i j j
i j

i i i i

f x u g x v h x
x

F u g x i m
v h x j p

f x u g x v h x x

g x i m u g x u

= =

= =

æ ö
Ñ + Ñ + Ñç ÷

æ ö ç ÷
ç ÷ ç ÷= - = …ç ÷ ç ÷ç ÷ = …ç ÷è ø

ç ÷
è ø

Ñ + Ñ + Ñ =

- ³ = … ³ - =

å å

å å

( ) 0, 1, ,  freej jh x j p v= = …

Nonlinear Programs Expressed as 
Mixed Nonlinear Complementarity Problems 

-Many other examples in energy, see for example Gabriel et al. (2013)
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Re-expressing the bounded MCP as the zero of 
a particular median-related function H 

Traditional Case
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Re-expressing the bounded MCP as the zero of 
a particular median-related function H

Traditional Case



Dr.  Steven A. Gabriel
Copyright 2012

43

Spatial Price Equilibrium with Equity-Enforcing 
Constraints


